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Flutter of Composite Laminated Beam Plates with
Delamination

Le-Chung Shiau*
National Cheng Kung University, Tainan, Taiwan, Republic of China

The flutter characteristics of two-dimensional delaminated composite panels at high supersonic Mach num-
bers are investigated theoretically. Classical small deflection laminated plate theory and quasisteady, supersonic
aerodynamic theory are employed. A simple beam-plate theory model is developed to predict the flutter
boundaries of delaminated composite two-dimensional beam plates with simply supported ends. The effects of
delamination position and size on the flutter boundary of plate with different fiber orientation and stacking
sequency are studied in detail. The results reveal that the presence of a delamination degrades the stiffness and
the natural frequencies of the plate and thereby decreases the flutter boundary of the plate. However, for certain
geometries, the flutter boundaries were raised due to the flutter coalescence modes of the plate altered by the
presence of a delamination in the plate. The restriction in the two-dimensional beam-plate model is to evaluate
the effects of delamination on the flutter boundary for a two-dimensional plate only. But the trends of the
effects of delamination on composite panel flutter can be evaluated for comparison purpose using this theory.

Nomenclature

= extensional stiffness of segment i

= plate length

= location of delamination edges

= coupling stiffness of segment i

=see Eq. (6)

= constant of integration

= location of delamination

= bending stiffness of segment i

= delamination length

= Young’s moduli referred to principal material
directions

= contact force between segments 2 and 3

= shear modulus

= aerodynamic damping

=see Eq. (9)

= plate thickness of segment i

= see Eq. (8)

= bending moment in plate

= Mach number

= number of layers of plate

= in-plane forces in segments 2 and 3

= transformed reduced stiffness

=a;/a

= time

= air velocity

= in-plane displacement

= shear force in plate

= nondimensional plate deflection

= plate deflection

= distance along length

= mathematical eigenvalue
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v, 8, € = see Egs. (10) and (11)

= aerodynamic pressure

= nondimensional frequency

= nondimensional dynamic pressure
= Poisson’s ratio

=x/a

= air density

" = plate density
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) = frequency
Wy = fundamental natural frequency
Subscripts
i = imaginary
k = layer number
n = segment number
r = real
Introduction

OMPOSITE materials have been widely used in aeronau-
tical industries to replace metals in the aircraft structures
for the purpose of weight saving. With their superior strength-
to-weight and stiffness-to-weight ratios and the capability of
being tailored for a specific application, composite materials
offer definite advantages over conventional materials. But to
use them efficiently, a good understanding of their structural
and dynamic behaviors under various loads is needed. One
important issue in the evaluation of laminated composite
structures is interlaminar delamination between the composite
layers. Delaminations may be caused by impact damages from
fabrication defects or service. Hence, the delamination can be
located in various places in the laminated plate. Regardless of
its location, delamination may reduce the overall stiffness of
the laminate, lower the load-carrying capacity of the plate,
and, thereby, affect the mechanical behavior of the structural
system. The effects of delamination on the structural behavior
of composite laminates have received much attention in recent
years.!”? In the study of delamination effects on the natural
frequencies of composite laminates, Tracy and Pardoen!
found that the delamination position and size have moderate
effects on the natural frequencies. The presence of a delamina-
tion degrades the even-numbered symmetric vibration modes
much more rapidly than the odd-numbered antisymmetric
modes for a delamination centered at the plate midplane.
Panel flutter is a self-excited oscillation of the external skin
of a flight vehicle and is due to dynamic instability of inertia,
elastic, and aerodynamic forces of the system. This type of
aeroelastic instability has received much attention in the past
30 years.*> As a result, this peculiar phenomenon is now
reasonably understood for two- and three-dimensional panels
made of conventional isotropic materials. However, relatively
few works have been devoted to the study of the flutter char-
acteristics of panels made of advanced composite materi-
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als.’6-20 In panel flutter analysis, the determination of the
occurrence of aeroelastic instability is through the coupling of
natural modes of the system. As the delamination degrades the
natural modes of a delaminated laminate, it may have signifi-
cant effects on the flutter behavior of the laminate. In the
present study, a simple beam-plate model is developed for the
preliminary investigation of the effect of delamination on the
supersonic flutter behavior of composite laminated panels.
Classic small deflection laminated plate theory and quasi-
steady aerodynamic theory are employed for the analysis. The
effects of delamination size and position in determining flutter
boundary are examined. Results are presented for flutter
boundary of the delaminated panels as functions of the posi-
tion and size of the delamination and the fiber orientation and
stacking sequency of the laminates.

Mathematical Formulation

Consider a two-dimensional symmetrical laminated thin
plate with length @, thickness #, and mass density per unit
volume p,, as shown in Fig. 1. The plate is assumed to consist
of N layers of homogeneous anisotropic sheets bonded to-
gether and to have a through width delamination with length
d. The center of the delamination is located at a distance ¢
from the left edge. Supersonic airflow with air density p, flow
velocity U, Mach number M,,, and aerodynamic pressure Ap
is assumed to pass over the top surface of the plate along the
positive x direction.

The delaminated beam plate can be divided into four seg-
ments as depicted in Fig. 1 and denoted as circled numbers.
The lateral deflection of the plate is assumed to be small so
that classical small deflection plate theory is adequate to de-
scribe the plate’s behavior; thus, the governing differential
equations of motion for each segment are
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2 ax* 2 3x3 2oxz T Pmi2 g
a4W3 3 Us 3 W3 d? w3
IV gl _p W, e _F-0 1
ot Do CFswa L vy (1o)
YA S i S ad)
4 ot Pmla—5 EYp) p =
p=ae_p o (1e)
= €
z 2ox 2 ox?
3u3 62W3
P=A 1
= A2 - B an

z,w
¥
__________ — (& k]
"T ZZZ@ZZIZZIIZI@IIZZIiEGZZ@ZZIZ -
o “j
- a, 1
a
section A-A

Fig.1 Plate geometry.

in-which w, (n = 1, 2, 3, 4) is the lateral displacement of the
plate, F is the contact force between segments 2 and 3, P,
(n =2, 3) is the in-plane force induced by the delamination, u,
(n =2, 3) is the uniform in-plane displacement of the plate,
and

m 1 for n=1,3,4
A, -z j =
k{: Oz — zi-1) i {j+1 for n =2
1 7 N for n=1,2,4
Bn=E¥(Q1)k(Z/3_ZI?—1) m:{j for n=3
: 12 .
D, =§k¥‘ (@ — 2z~ )

where (Q))); is the x-direction transformed reduced stiffness
of the kth'layer and the other Q;; (i, j = 2, 3) are neglected in
this two-dimensional formulation.

Equation (1) is a highly nonlinear equation due to the con-
tact/uncontact phenomenon between segments 2 and 3. Ac-
cording to a study by Tracy and Pardoen,! the natural fre-
quencies of a delaminated beam plate can be accurately
predicted by a simplified analytical model that assumes that
the two delaminated segments are forced to vibrate together.
For the prediction of flutter boundary of a delaminated beam
plate, it is also assumed, in this study, that the segments 2 and
3 are forced to vibrate together (i.e., the contact force can be
either positive or negative). Under this assumption and with
P, + P; = 0 condition, Eq. (1) can be simplified as

a4W1 62
Di— ot + omhy 12 + Ap =0 (2a)
B; B\
<DZ+D3—ZZZ—-—3>aV?+pm(h2+h3) 24 Ap =0 (2b)
Fw, Fw,
D + pinh +Ap =0 2¢
4ot p EYD) 4 (209
auz 62w2
Py=A,— — B,— 2d
2= A I (2d)

For high supersonic Mach numbers (M, > 1.6), the aerody-
namic pressure loading Ap is assumed to follow two-dimen-
sional quasisteady supersonic piston aerodynamic theory:

2 (ow, ME-210dw
A = —_—") f =1,2,4 3
P = «/ ~1\ox | M;—luat> or n ®

Assuming. the displacements for each segment of the plate
are exponential (harmonic) functions of time, w, = W,(x)e™,
and introducing the following nondimensional parameters and
constants,

W,=w,/h £=x/a c=¢/a d=d/a
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D1=D1/D D4=D4/D D=

Egs. (2) and (3) can be nondimensionalized and combined into
one equation as
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a* W4 aw.
D, e )\¥ + w¥(ikg — kHW, = (4¢)
in which A is the nondimensional aerodynamic pressure, k is
the nondimensional frequency, and D is the bending stiffness
of the plate when all fibers are aligned with the x axis.

The solutions to Eq. (4) have the following form:

W, = Z;Cnebms for n=1,2,4 0

j=1
where the b, are the roots of the polynomials

Db} +Nb, —7*Z =0 for n=1,4 (6a)
Db} +N\b, —7*Z =0 for n=2 (6b)

and
Z =k?— ikg (6c)

Equation (5) possesses 12 unknown constants so that 12
boundary and continuity conditions are required. For the
two-dimensional panel with simply supported edges, the
boundary conditions, both in-plane and transverse, and the
continuity conditions are as follows:

1) Transverse simply supported boundary conditions:

2
at x=0:  w©="29_, (7a)
ox
62
at x=a: wy(a) = u4(2a) =0 (7b)
ox

2) Kinematic continuity conditions:

at x=a wi(a) = wy(ay) (70)
Iwi(@)  dwaay)

ax  ox (7d)

at x =as: waa@) = wy(ay) (Te)
Iwy(as) 6w4(az)

ax ox D

3) Continuity in bending moments and shear forces:

at x=a;x  Vi(a) = Va(a) + Va(@) (Tg)
My(a)) = My(a,) + My(a) (Th)
at x=ay V@)= Via) + Vi(a) (7i)
My(a)) = M(ay) + Ms(a2) Q)

in which the shear force V; = (B?/A; — D;) 3*w./dx? and the
bending moment M; = B;P;/A; + (B?/A; — D;) 3*w,;/0x2.

Besides, one additional in-plane compatibility condition at
X = a, is required to eliminate P, from the previous 12 condi-
tions. From Eqgs. (le) and (1f), we can derive the following
equation:

P, By | dwa(ay)  dwx(ar)
Az(az - al) +A2|: ax ax :| —A3(a2 al)
+ Bs| dws(a)  dws(ay)
A; ox ax
or
__ABy - AB Pmmyﬁmmq 0
(@ —a)(A>+ A3)|  ox ax

Satisfaction of the boundary and continuity conditions by
substituting Eq. (5) into Eq. (7) yields 12 homogeneous, linear
algebraic equations in the unknowns Cj,,

[Kliax12{@ }i2x1= {0} 121 ®)

where Kj; are the coefficients of the unknown constants and
{q} is the column vector containing the 12 unknown con-
stants: Cyy, Co1, i1, Caity Cra, Crzy Caay Cag, Cray Coy, Cayy and
Cy. The 144 Kj; coefficients are given in the Appendix.

For a nontrivial solution to exist, the determinant of the
coefficient matrix [K] must equal to zero, which gives the
characteristic equation for the eigenvalues. The functional
relation may be expressed as

HQA, Z2)=0 ®

Solution Procedures
The four roots of Eq. (6a) are assumed in the form of

by=—-vy+e by=—v—e¢ (10a)
by=vy+ié by=vy—id (10b)

and the four roots of Eq. (6b) are in the form of
by=—-y+¢& by= —y—¢ (11a)

by=y+id by=v—1id (11b)

Placing Eqgs. (10) and (11) into Eqgs. (6), one obtains

A I
P=—p g2 Py 2 12
4D, Y 4D (122)
A r
2= 42 =92 12b
“T4D, Y “THp " (12b)

z-Dp ey a=-B@inerea o

Mampulatmg Eq. (12) yields one cubic equation in y? and one
in 4% with \ and Z as parameters

645 + 1602 z‘i—o (13a)
Y D, ¥ D
- ler*z_, N

6476 + ——2— — =0 13b
Y LR (13b)

For a given \ and Z, the values of v, v, 8, 5, €, and & are
calculated in turn from Eqs. (13) and (12), and the eight roots
in Egs. (10) and (11) can then be determined. Finally, the
complex function H is evaluated from Eq. (9). In general, H
will not be zero, so another value of Z is chosen for the fixed
A and H is recomputed until a zero of H is obtained with
acceptable accuracy. In the present calculations, this is three
significant figures for both complex and real roots.

Once the eigenvalues Z of the characteristic equation are
obtained, the frequencies of the plate may be computed from
Eq. (6¢) or

w/wo=ig/2 N —(@/2V + Z (14)

For low values of A, the eigenvalues Z are real, but above a
certain value of A, the Z become complex. After the eigenval-
ues become complex, unstable conditions will occur if the
imaginary part of the radical in Eq. (14) has an absolute value
greater than g/2. The imaginary part of the radical can be
obtained as

Im = ﬂ:\/—%\]x/(~g2/4+z,)2+zf+g2/4—z, (15)
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Hence, instability occurs when g/2 = |Iml, or, by routine
algebraic manipulation, the flutter condition occurs at the
critical value of A = A, when

Zi/NZ, =g (16)

For the case neglecting aerodynamic damping, g = 0, flutter
will begin after two undamped natural frequencies have
merged. For some damping present, g >0, the flutter occurs at
a somewhat higher value of A.

The solution procedures used here represent an exact solu-
tion rather than a modal solution of the differential equation
and hence do not possess convergence difficulties.

Numerical Results

The two-dimensional panels considered for this study are
four-layer angle-ply and cross-ply symmetrical laminated
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Fig. 2 Flutter boundary vs delamination length (h2/h = 0.5).
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Fig. 3 Dynamic pressure vs eigenvalue (6 = 0 deg, ¢ = 0.5, hy/h =
0.5).
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Fig. 4 Dynamic pressure vs eigenvalue (0 = 0 deg, ¢ = 0.3, h2/h =
0.5).
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Fig. 5 Flutter boundary vs delamination axial position (h2/h = 0.5).
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Fig. 6 Flutter boundary vs delamination length (4;/h = 0.5).

plates and a [(90, =+ 45, 0)2]sym general laminate that is fre-
quently employed in current aerospace designs. The material
properties of the laminates are for a typical high modulus
Hercules AS4/3501-6 graphite-epoxy composite system with
E, =13.643E,, G, = 0.493E,, and »; = 0.32. For the four-
layer laminates, two different through thickness delamination
locations, namely, midplane delamination (h,/h =0.5) and
thinner delamination (k,/h = 0.25), are considered for the
analysis.

Angle-Ply Laminates

Figure 2 shows the effect of midplane delamination length
on the flutter boundaries of angle-ply laminates with three
different fiber angles (6 = 0, 30, and 60 deg) and four delami-
nation axial positions (¢ = 0.2, 0.3, 0.4, and 0.5). It is seen
that rotating fibers away from the x axis results in a reduction
of the plate’s stiffness in the x direction. Hence, the flutter
boundary is in inverse proportion to the fiber angle. But the
variation of the flutter boundary vs delamination length is the
same for all fiber orientations. In general, for most delamina-
tion cases, the frequency coalescence occurs through the cou-
pling of the first and second modes of the plate. Because the
reduction in the natural frequencies by the delamination in-
creases with the delamination length and the delamination
reduces the mode 2 frequency much more rapidly than the
mode 1 frequency, the flutter boundary decreases with the
increase of the delamination length. This situation can also be
observed from the frequency coalescence plot shown in Fig. 3
for 0-deg angle-ply laminate with midplane delamination cen-
tered at 0.5¢. Enlarging the delamination will significantly
lower the mode 2 frequency but only slightly reduce the mode
1 frequency; thus the two modes will move closer to each other
as the delamination length increases. Once the two modes are
close to each other, they will coalesce at a lower value of A.

When the delamination moves toward the supported edges
(¢ = 0.2 and 0.3), the effect of the delamination on the flutter



2508 * SHIAU: FLUTTER OF COMPOSITE LAMINATED BEAM
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Fig. 7 Flutter boundary vs delamination axial position (hy/h =
0.25).
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Fig. 8 Flutter boundary vs delamination length, {0/90/90/0].

boundary becomes different. The presence of the delamina-
tion may increase the flutter boundary. From the frequency
coalescence analysis shown in Fig. 4 for 0-deg laminate, one
can attribute this increase to the following: 1) the effect of the
delamination on the mode 2 frequency is now not so signifi-
cant; 2) although the frequency coalescence occurs between
modes 1 and 2, the second mode has a tendency to coalesce
with the third mode (i.e., the curve of the second mode bends
toward the third mode as the flow velocity increases from
zero; see Fig. 4 for d = 0.3 case). For the midplane delamina-
tion case with ¢ = 0.3, the frequency coalescent pair shifts
from modes 1 and 2 to modes 2 and 3 when the delamination
length is between 0.33a and 0.57a (heavy thick line in Fig. 2).
In this situation, the increase in the delamination length will
decrease the flutter boundary due to the effect of the delami-
nation on the mode 3 frequency higher than that on the mode
2 frequency (see Fig. 4 for d = 0.35 and 0.5 cases). As the
delamination length is further enlarged over 0.57a, the coales-
cent pair shifts back to modes 1 and 2 and the flutter boundary
is also dropped sharply (see Fig. 4 for d = 0.6 case).

Figure 5 shows the effects of delamination axial position on
the flutter boundary for the midplane delamination case. For
all delamination length cases, the delamination has maximum
destabilizing effect on the flutter boundary when the delami-
nation centers at midspan. The effect of the delamination
reduces quickly as the delamination moves away from the
midspan region. The delamination may increase the flutter
boundary when it centers at a location between 0.18a¢-0.34a or
0.66a-0.82a for the cases with shorter delamination length. It
is also seen that, for d = 0.4 and 0.5 cases, the frequency
coalescence occurs between modes 2 and 3 when the delamina-
tion centers from one-quarter to one-third span of the plate
(heavy thick lines shown in Fig. 5).

Figures 6 and 7 show the effects of the delamination length
and the delamination axial position on the flutter boundary of

angle-ply laminates with thinner delamination. In general, the
delamination has a similar effect on the flutter boundary as
that on the cases with midplane delamination, except that the
effect is smaller and there is no shift of frequency coalescent
pair from modes 1 and 2 to modes 2 and 3. Hence, the plots
of the flutter boundary vs delamination length or delamina-
tion axial position in Figs. 6 and 7 are more gradual than those
in Figs. 2 and 5. The cause of these differences is mainly due
to the ratio of bending stiffness of the delaminated portion of
the plate to that of the undelaminated portion. The ratio is
0.25 for the midplane delamination case and 0.4375 for the
thinner delamination case. With higher bending stiffness ra-
tio, the effect of the delamination on the flutter boundary will
be lower.

Cross-Ply Laminates

For cross-ply laminates with [0/90/90/0] construction, the
bending stiffness of the delaminated portion of the plate is
reduced significantly by the delamination. The bending stiff-
ness ratios are 0.0669 and 0.1067, respectively, for midplane
and thinner delamination cases that are much smaller than
those for the corresponding cases of angle-ply laminates.
Hence, the delamination now has a considerable effect on the
flutter boundary.

Figure 8 shows the plot of the flutter boundary as a function
of the delamination length with several delamination axial
positions. Although the variations of the flutter boundary vs
delamination length are similar to those in Figs. 2 and 6, there
are several differences between the plots. First, the shifting of
coalescent pair of eigenvalues for cross-ply laminates not only
occurs in the case with delamination centered at ¢ = 0.3 but
also in the case with delamination centered at ¢ = 0.2. Second,
with certain delamination length centered at ¢ = 0.2, the fre-
quency coalescence occurs through the coupling of the third
and fourth modes of the plate (open circle symbol in Fig. 8).

600
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5007 i — — hy/h=025 |
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400 |
300
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0.0 0.2 0.4 0.6 0.8 1.0

Delamination axial position (c)

Fig. 9 Flutter boundary vs delamination axial position, (0/90/90/0].
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Fig. 10 Flutter boundary vs delamination length, [(90, =+ 45, 0)2]sym.
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Finally, since the bending stiffness ratio of the thinner delam-
inated plate is low, the shifting of coalescent pair of eigenval-
ues is also evident in this case.

Figure 9 shows the effect of the delamination axial position
on the flutter boundary of the [0/90/90/0] laminate. Similar
to the cases for angle-ply laminates, the delamination has
maximum destabilizing effect on the flutter boundary when
the delamination centers at the midspan. As the delamination
moves farther away from the midspan region, the coalescent
pair of eigenvalues changes from modes 1 and 2 to modes 2
and 3 for cases with shorter or median delamination length
(heavy thick lines in Fig. 9). Under this situation, the flutter
boundary begins to drop sharply because the mode 3 fre-
quency is reduced by the delamination much more rapidly
than the mode 2 frequency. The lowest flutter boundary oc-
curs in the range of ¢ = 0.25-0.3 for all delamination lengths.
Beyond this region, the flutter boundary rises again until the
frequency coalescent pair shifts back to modes 1 and 2. The
frequency coalescence may also occur through the coupling of
modes 3 and 4 for the case with certain combinations of the
delamination length and axial position (open circle in Fig. 9),
but this kind of coalescence appears to have no significant
effect on the variation of the flutter boundary curves.

Quasi-Isotropic Laminates [(90, 45, 0)2]sym

In the preceding analyses only four-layer laminates were
considered. In this section, a 16-layer laminate is examined.
The [(90, =45, 0);)ym is known as a quasi-isotropic laminate
that is frequently used in current aerospace designs. The bend-
ing stiffness ratio is 0.327 for midplane delamination and
gradually increases as the delamination moves up or down
along the thickness direction. The maximum ratio is 0.9595
when the delamination is located next to the top or bottom
layer. Because of the high bending stiffness ratios of the plate,
the effect of the delamination on the flutter boundary be-
comes rather small.

200

| h,/h=0.5

— —  hy/h=0.25
0+ T
0.0 0.2 0.4 0.6 0.8 1.0

Delamination axial position (c)

Fig. 11 Flutter boundary vs delamination axial position, {(90, =+ 45,
0)2]sym-

Fig. 12 Flutter boundary vs delamination location, [(90, =45,
0)2]sym-

1 1 ) 1
1 I t 1
044 -m-boobo_Lo__L___
modes 2| & 3 | 1 !
03+ -- Dbl Lo
[} :modes:l&z: )
0.2 T N U L
] 1 ] 1 I
! 1 ¥ 1 1 U
on moJles_e_Alat__lL___IL___ ot Lo _L___imodesit & __
1 1 1 1
1 1 ) 1 1 I I 1
0.0 } | } } 0.0 } } } t
00 01 02 03 04 05 00 o1 | 02 Ro.‘z; 04 05
a) )
05 ) ( ] ' 05 1 1 I i
1 | U i
044 --wbl - _1modesi 1 &2 ___
1 1 1 1
] 1
S A S S b [N S
C 1
042_____L___L-<‘L_-_|___._
) 1 1 1
ot Lo L mbdesigz | ___
1 ] 1] 1
t i 1 1
0.0 { { t +
) R 00 01 | 02 Ro.'s 04 05
b) d)
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Fig. 14 Frequency coalescent pair range: a) ¢ = 0.2, b) ¢ = 0.3.

Some illustrative results for this laminate are displayed in
Figs. 10 and 11. Figure 10 presents the effect of delamination
length on the flutter boundary with four delamination axial
positions and three through thickness locations. Figure 11
presents the effect of delamination axial position on the flutter
boundary with six delamination lengths and two through
thickness locations. Since the laminate is composed of 16
layers, it is of interest to see the variation of the flutter
boundary as the delamination moves from the top of the plate
to the bottom. Figure 12 presents the plot of the flutter
boundary as a function of the through thickness location of
the delamination. It shows that the presence of a delamination
has a destabilizing effect on the flutter boundary for most of
the cases, and the midplane delamination has the maximum
effect due to its low bending stiffness ratio. However, the
delamination may increase the flutter boundary when it cen-
ters at 0.3¢ and has length equal to 0.4a. This is because the
second mode of the plate has a tendency to coalesce with the
third mode as the flow velocity increases. The open circle
shown in the figure represents the case where the frequency
coalescent pair are modes 2 and 3.

Effect of Bending Stiffness Ratio

Based on the preceding discussions, one can find that the
bending stiffness ratio R of the delaminated portion of the
plate to the undelaminated portion plays an important role in
the determination of the flutter boundary and the frequency
coalescent pair. From Egs. (2), the bending stiffness ratio can
be written as

D,+D; B} B?
D, DA, DA,

The range of R for isotropic material is from 0.25 to 1.0. For
laminates considered in this study, the range of R is from
0.067 to 1.0. If R >0.5, based on the preceding results, one

R =

an
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can say that the frequency coalescent pair of the eigenvalues is
always modes 1 and 2. For R <0.5, the frequency coalescence
may occur between modes 2 and 3 or modes 3 and 4, depend-
ing on the size and location of the delamination. It is thus
interesting to note that the range of R and the ranges of d and
c for different frequency coalescent pairs may occur. With
fixed delamination axial position ¢, Fig. 13 shows the ranges
of R and d at which different coalescent pairs may occur. On
the other hand, with fixed delamination length, Fig. 14 shows
the ranges of R and c at which different coalescent pairs may
occur.
Conclusions

A simple two-dimensional beam-plate model has been de-
veloped to study the effect of delamination on the supersonic
flutter characteristics of a composite laminated beam plate.
The parameters studied include location and size of the delam-
ination and fiber orientation and stacking sequency of the
laminates. Based on the present results, the following conclu-
sions can be made:

1) For shorter delamination length (less than 20% of the
plate span), the delamination has a moderate effect on the

flutter performance. For delamination length longer than 20%
of the plate span, the delamination has a pronounced destabi-
lizing effect on the flutter performance of the plate if the
location of the delamination centers near midspan.

2) When the delamination centers at a location from 0.2a
to 0.35a, it may increase the flutter boundary provided the
delamination length is not too long.

3) Midplane delamination has the maximum destabilizing
effect on the flutter performance of the plate.

4) The frequency coalescence usually occurs between the
first two modes. However, for certain delamination location
and size, the pair may shift from modes 1 and 2 to modes 2
and 3 or modes 3 and 4.

5) The bending stiffness ratio plays an important role in
the determination of the flutter boundary and the frequency
coalescent pair.

6) The simple beam-plate model can be used to evaluate
the effects of delamination on the flutter boundary of a two-
dimensional plate, and the results obtained using this model
can also give the trends of the effects of delamination for
comparison purposes.

Appendix: Elements in Matrix [K]

The nonzero elements of the [K] matrix are listed next:

K,1=K,=K,3=K,4=1

Ko = bi Ky = b3
Kyg=e” Ki,10 = €2

Ko = bie” Kap10 = bie
Ks, = P K, = eb
Ksps = —ebo Ks= —eb»
Ko = bie” K,z = breb>
Kes= —biebst  Kee= —byebs
Ki,s5 = —ebis2 Ko = — b2
Koy = €12 K0 = €%
Ksys= —bebs2  Kyo= —byebm

Ks,5 = biebs2
Ky, = b]3eb151
Ks,s = Ableb
K10,5 = Al_ﬁei’lsl
K10,9 = bfe”m

2
Kiy,1 = biets

Ky, 10 = byeb22
Ko,y = b;ebm
Ky, = Abje?>
K10,6 = le_)%ebm
Kig,10 = b3eb2%2

_p2
Ki1,2 = bjeb

Ki1,s = (4B, — B)biebs1 + Bb,e?

Ki1,7 = (Abs — B)bse?s! + Bbsebs2

Kizis = (4B, — Byb P + Bhyebw:

K 2,7 = (Ab; — B)bsets2 + Bbsebss:

2
Ky3,0 = bieb1s2

N
Ki2,10 = bye®??

Ky3=b3 Kj,4 = b}
K3,y = e K3, = eb
Ky = bszeb3 Ky12= b429b“
Ks,3 = eb Ks,q4 = ebs
Ks,; = —eb® K53 = —eb

K3 = be®
Ky = — byebs
Ki,y = —ebs
K71y = e?2
Ks,7 = — byebs
Kg,11 = by
Ky,3 = bleb
K9,7 = ABgeb”'
K10,7 = AB;J’W
Ko = baaebm

2
Ki1,3 = bjeb

Kg,4 = bsebs
Kg,s = —byebs
K5 = —ebs2
K712 = ebes
Kg,g = — 1_7465452
Ks,12 = byebs2
K9,4 = b43eb4s1
Ks,s = Abjebst
Kig,5 = Abjebs2
Kio,12 = ble?s?

_ 2
Ki1,4 = bieb

Ky1,6 = (Ab, — BYb,eb»1 + Bhebe2

K18 = (Aby — B)b,ebs1 + Bbyebs:

K36 = (A, + B)b,e?»2 — Bhebr

K23 = (Abg + B)bsebs2 — Bh,ebs

— h2,b
Ki3,11 = bye?3%?

— h2,bss
Kiz,12 = bie”*?
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where

-_[B% B}  (D,+Ds)
DA, DA, D,

B—<&——l§>[ AzB; — A3B, ]
Az A3/ [ Dilsy — s1))(Az + Aj)
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